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Abstract 

Different types of Fourier synthesis for composite 
structures are discussed. They include the two- 
dimensional projection based on the reflections 
common to both sublattices, the three-dimensional 
projection, which shows the average structure of one 
sublattice and the projection down a main (external) 
axis of the second sublattice, and the full four- 
dimensional Fourier synthesis. The three-dimen- 
sional projection includes the internal coordinate 
of one of the sublattices and therefore gives direct 
information on the nature of the modulation. The use 
of Fourier methods in the solution of the average 
structure and the analysis of the modulations is dis- 
cussed. Series-termination effects are shown to affect 
the height of the atom strings along the internal t 
coordinate. 

Introduction 

Though the use of Fourier methods in structure 
refinement has diminished, Fourier methods are 
extensively used in structure solution and for inter- 
pretive studies, in particular in the charge density 
field. For conventional crystals with three-dimen- 
sional translational symmetry, the application of 
Fourier methods is relatively straightforward. For 
aperiodic crystals, appropriately described in super- 
space (de Wolff, 1974; de Wolff, Janssen & Janner, 
1981; Janner Janssen & de Wolff, 1983), Fourier 
methods are less well developed. They include modu- 
lated crystals and composite crystals in which two or 
more lattices representing two different components 
coexist in the same crystal space. The use of Patterson 
methods in the analysis of modulated crystals has 
been discussed by Steurer (1987). Fourier methods 
were used to examine the nature of the Bi- and O-atom 
modulations in the 2212 high-To superconductor 
(Petricek, Gao, Lee & Coppens, 1990). Fourier 
methods also have important applications in the study 
of composite crystals defined by the coexistence of 
two or more sublattices in one crystal. We describe 
here their use in the initial structure solution and the 
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analysis of displacive modulations resulting from the 
mutual interaction between the sublattices. 

Classification of composite structures 

Composite structures are subject to the requirement 
that the two interpenetrating lattices coexist in the 
same space (Petricek, Maly, Coppens, Bu, Cisarova 
& Frost-Jensen, 1991). For a two-sublattice composite 
crystal, the relation between the two lattices is 
described by an interlattice matrix 0. and its reciprocal- 
space equivalent 0.*, such that 

A(2) = o'A (1) (1) 
and 

A (2)* = 0.*A (1)*, (2) 

where A (i) and A (°* are direct and reciprocal bases 
of lattice (i), respectively. Composite structures can 
be divided into column composite structures, in which 
the two lattices consist of parallel columns, and layer 
composite structures, in which sheets of the two com- 
ponents are interleaved. In the former case, the inter- 
lattice matrices are of the forms (Petricek et al., 1991) 

0.= 
0.11 0 0"131 

0 0"22 0"23 J, 
0 0 0-33 

1/o'11 0 0 ] 

0"* = 0 1 / 0"22 0 • 

-0.13/(0-1~0.33) -0-23/(0-220-33) 1/0-33 

(3) 

(4) 

Since 0.'1 and 0.*2 are restricted by the space-filling 
requirement to be integers, a basis of four reciprocal 
vectors, a*, b*, c* and c2"=[-0.13/(0-110.33)]al*+ 
[-0.23/(022o33)]b* + (1/0.33)cl* is sufficient to describe 
any diffraction vector (Q) with integer indices h, k, l 
and m: 

Q = hal* + kbl* + Icl* + me*.  

For layer composite structures, the 0.* matrix cor- 
responds in general to a five-dimensional description 
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(Petricek et al., 1991). Since, in the large majority of 
cases, further restrictions exist that render the layer 
structures four dimensional, we will concentrate here 
on the four-dimensional case, though the methods 
can be extended in a straightforward manner to 
higher-dimensional structures. 

Modulation and reflection types 

The mutual interaction between the sublattices corre- 
sponds to a perturbing potential, giving rise to modu- 
lations of each of the sublattices and the appearance 
of satellite reflections in the diffraction pattern. For 
the sublattice relation described by (3) and (4), the 
wave vector q~ of the modulation of the sublattice 1 
is equal to the reciprocal-lattice vector c* of the 
sublattice 2, while e* is the modulation vector for the 
sublattice 2. It follows that there are two contributions 
to the intensity of a reflection hklm. If either l or m 
equals zero, the reflection is a main reflection of lattice 
2 or lattice 1, respectively, and at the same time an 
mth- o r / t h -o rde r  satellite, respectively, of the other 
lattice. If both m and I equal zero (hkO0), the reflec- 
tion is a main reflection of both lattices; if neither of 
the indices are zero, it is a satellite reflection of both 
lattices. For example, a reflection hklO is both a main 
reflection of sublattice 1 and the /th satellite of the 
hkO0 reflection of sublattice 2. Thus, the reflections 
can be divided into main-main,  main-satellite and 
satellite-satellite reflections. 

Types of Fourier syntheses 

As before, we assume the a ' b*  plane to be the common 
reciprocal plane, with indices h and k. Several types 
of Fourier syntheses can be distinguished. 

(i) Main-ma in  summation: two-dimensional pro- 
jection based on hkO0 reflections. Since the hkO0 reflec- 
tions are pure main reflections for both lattices, the 
hkO0 summation shows both substructures projected 
along the common c~ and c2 axes. Thus, the atoms 
of both substructures appear at their average position 
but smeared out over the modulation displacements 
in directions perpendicular  to the c axes. 

(ii) Main-satelli te summation: three-dimensional 
projection based on hklO or hkOm reflections. The map 
based on the hklO reflections is a projection of both 
substructures along e2. Since e2* is the modulation 
vector of the substructure 1 and e2 the lattice transla- 
tion of substructure 2, atoms of substructure 1 appear 
smeared out at their average positions, while those 
of the substructure 2 are represented by strings along 
e~ projected down the c2 axis of the substructure. This 
synthesis can be used to obtain the average position 
of the atoms of substructure 1 for input into a least- 
squares refinement; it also provides information on 
the nature of the modulations of the atoms of the 
substructure 2 and vice versa for the summation based 

on the hkOm reflections. The great advantage of this 
summation is that the average structure provides esti- 
mates of the reflection phases (signs in the centrosym- 
metric case), which are then used directly in the 
Fourier summation to give information on the modu- 
lation. 

(iii) All-reflection summation: four-dimensional 
Fourier synthesis. The four-dimensional cell can be 
based on either substructure 1 or substructure 2 as 
the 'primary'  lattice. The atoms of the primary lattice 
will appear as strings perpendicular to the three- 
dimensional space R3, those of the secondary lattice 
as strings parallel to the axis c 4d in the fourth 
dimension (van Smaalen, 1991). The four-dimen- 
sional Fourier synthesis provides information on 
the positional and modulational parameters of all 
atoms. Prior information on the modulation of the 
atoms is required for the phases of the satellite- 
satellite reflections (hklm, l ~ 0, m ~ 0). 

Examples 

The composite structures of Hgo.776ET(SCN)2 [ E T =  
BEDT-TTF = 3, 4; 3', 4'-bis(ethylenedithio)-2, 2', 5, 5'- 
tetrathiafulvalene] (Wang, Beno, Carlson, T h o r u p ,  
Murray, Porter, Williams, Maly, Bu, Petricek, 
Cisarova, Coppens,  Jung, Whangbo, Shirber & 
Overmyer, 1991) and (BO)2.4I 3 [ B O = B E D O - T T F  
= 3, 4; 3', 4'-bis(ethylenedioxy)-2, 2', 5, 5'-tetrathiaful- 
valene] (Cisarova, Maly, Bu, Frost-Jensen, Sommer- 
Larsen & Coppens, 1991) are used for illustration 
purposes. The crystallographic information is as fol- 
lows:* Hgo.776ET(SCN)2: E T + S C N ,  a =6.746 (2), 
b=20 .580(3) ,  c = 4 . 1 1 4 ( 1 ) A ,  a = 8 3 . 0 6 ( 1 ) ,  /3= 
119.01 (2), 7 = 105.93 (2) °, Vc=480.23 ~3, Z =  1; 
Hg, a =6.758 (2), b=21.352  (6), c=5 .302  (2) A, 
a = 7 3 . 1 0 ( 2 ) ,  /3=119.17(3) ,  y=110 .44  (3) °, Vc= 
618.85/~3, Z =  1. The o- matrix defined by AHg = 
o'A~r+SCN is given by 

[  0-000   1 
0 1 0.9083/ '  

0 0 1.2903J 

indicating that the c axes of the two sublattices are 
parallel. The ratio of the two unit-cell volumes 
V ( E T + S C N ) / V ( H g )  is 480.23/618.85=0.776, in 
agreement with the analytical results on the compo- 
sition. 

(BO)2.,I3: BO, a =5.3269 (1), b =  16.885 (2), 
c = 4 . 0 2 9 ( 1 ) ~ ,  a = 8 8 . 2 9 ( 2 ) ,  f l=81 .21(2 ) ,  ~,= 
83.45(1)°; I, a = 5 . 8 4 0 ( 1 ) ,  b=17 .115(2) ,  c =  
9.620 (2) A, t~ = 99.55 (1), /3 = 115.67 (1), y =  
80.19 (1) °. The c axes of the  two component structures 

* Since hkO0 is taken as the common reciprocal plane, the b and 
c axes of the original publications have been interchanged. 
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are parallel, while at is in the plane of  aBo and CBo 
and b~ is in the plane o f  bBo and CBO, as is evident 
from the o- matrix defined by Aso  = a A~, 

I 1 0 0.34761 
0 1 0.3476 . 

0 0 0.4188 

The  c o m p o n e n t  cell vo lumes  
V ( I ) / V ( B O )  = 2.4, imp ly ing  the 

have  a ra t io  
s to i ch iome t ry  

(BO)2.413, s ince b o t h  subcel ls  con ta in  one  molecu le .  
This  co r r e sponds  to an  average  net  charge  on  the  BO 
ca t ions  o f  0.42e, ind ica t ing  tha t  neu t ra l  BO molecu les  
and  BO ÷ m o n o c a t i o n s  coexis t  in the solid.  The  BO 
molecu le  is s u r r o u n d e d  by  l inea r  13 ions at the corners  
o f  the  un i t  cell. 

All  ca lcu la t ions  were p e r f o r m e d  by p rograms  
J A N A  a n d  F O U R J A N A  for  m o d u l a t e d  and  com- 
posi te  s t ructures  (Pet r icek & C o p p e n s ,  1988; Petr icek,  
Ma ly  & Cisarova ,  1992). 

For  c o m p a r i s o n  wi th  the  expe r imen ta l  results,  
a set o f  m a i n  and  satel l i te  ref lect ions for  
(ET)Hgo.776(SCN)2 was gene ra t ed  us ing the  k n o w n  
s t ructure  [58929  ref lect ions up  to ( s i n 0 ) / A =  
0.7035 A,-1]. I so t rop ic  t e m p e r a t u r e  factors  and  a har-  
m o n i c  d i sp lac ive  m o d u l a t i o n  o f  the Hg a tom (sub- 
s t ructure  2) and  the  E T  and  S C N -  groups  (substruc-  
ture  1) were used,  wi th  d i sp l acemen t s  d i rec ted  a long  
the  a axes o f  the latt ices.  Phases  o f  the ref lect ions 

81 
0.0 1.0 

°/o 

, . . !  ° ° °  A . ,  
Fig. 1. The two-dimensional Fourier synthesis (0.7 e.~ -2 contour 

level only) for (ET)Hgo.776(SCN)2 based on hk00 reflections and 
model structure (see text). The peaks at average positions of all 
the atoms are evident. The ET molecule is in the center of the 
cell, the Hg atoms are at the comers and are coordinated by the 
SCN- ions. 
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0.0 

0.5 
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H9 

-0.2 o.o a ,  0.2 
00. I ! i11 I i 

- 0 .2  0 . 0  I 0.2 

0 . 0  

0 . 5  

C,  

1 .0  

(c) 
Fig. 2. Section at  y = 0.0 of the three-dimensional Fourier projec- 

tion of (ET)Hg o 776(SCN)2 based on 2810 hklO reflections. Con- 
tour interval 5 e~ -3, negative contours omitted. Model data with 
small amplitude of modulation of substructure 1. (The a-direc- 
tion amplitude of the modulation of the ET molecules is taken 
as 0.07 A.) The phases of reflections have been calculated with 
different models: (a) both substructures and modulation of all 
atoms included; (b) based on average positions of atoms in both 
substructures only; (c) average positions of atoms of substructure 
1 only, atoms of substructure 2 omitted. The 'correct' modulation 
function of Hg (with amplitude =0.24 ~) is displayed by the 
dashed line. 
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were based on either the average or the modula ted  
posit ions of  the atoms, as indicated below. 

The summat ion  based on the common  ( m a i n - m a i n )  
hkO0 reflections, with phases  based on the Hg and S 
posit ions only, is shown in Fig. 1. The ET °'5+, S C N -  
and  Hg 2÷ ions can be clearly dist inguished.  This 
project ion gives in format ion  on the structure, which 
can be used in the subsequent  analysis  of  the interac- 
tion between the sublattices. 

Examples  of  a section of  the three-d imensional  
project ion of  the four-d imens ional  density are given 
in Figs. 2-5. They are based  on the hklO reflections, 
corresponding to a space containing the average 
structure of  componen t  1 ( E T +  SCN),  but  a projec- 
t ion down the c axis of  componen t  2 (Hg). The a~cl 
section shown contains the t-coordinate axis of  sub- 
lattice 2 and  thus shows the Hg-atom string parallel  
to this axis. 

This synthesis makes  it possible to obtain informa-  
t ion on the modula t ion  of  one of  the lattices by using 
knowledge of  the average structure of  the other com- 
ponent.  I f  the structure is complete ly  known the 
modula t ion  will be accurately depicted (Fig. 2a).  If  
only the average structures are known,  in format ion  
on the modula t ion  is still obta ined as i l lustrated in 
Figs. 2(b) and  (c), in which  the phases are based on 
the average structure. Similar  results for a larger 
modula t ion  ampl i tude  of  substructure 1 are shown 
in Figs. 3(a)  and  (b) (phases based on average struc- 
ture). The differences between Figs. 2(a)  and (c) and  
3(a)  and (b) show the effect of  making  a large 
approx imat ion  (i.e. neglect of  all of  substructure 2 
and the modula t ion  of  substructure 1) in the calcula- 
tion of  the phases.  Nevertheless,  the picture obta ined  
is still qual i tat ively correct. 

An exper imenta l  result for the same structure is 
given in Fig. 4, for which  all structural in format ion  

-0.2 0.0 ll~ 0.2 Fig 

o.o ' ' [ ' ' ^.^ -o;2 , o;o , a ,  o,:  

1.1 1 

(a) 2 1. 
I, Ig 

.o= o.o a, o= Fig. 4. Three-dimensional Fourier synthesis based on experi- 
o.o mentally measured reflections of Hgo.776ET(SCN)2. (Section at 

y =0.0; contour interval 5.6 eA-a; only positive contours are 
indicated.) 

Is 
-o.3 o.o a2 0.3 

o.o 

c~ 

0.5 

1.o 

b 
C2 

Fig. 3. Section at y = 0.0 of the three-dimensional Fourier projec- 
tion based on 2810 hklO reflections. Contours as in Fig. 2(a). 
Model data with large amplitude of the modulation of substruc- 
ture 1 (0.34 ,t. in the a direction). The models for generating 
phases of reflections correspond to (a) average positions of all Fig. 5. Three-dimensional Fourier synthesis based on experi- 
atoms (as in Fig. 2b); (b) average positions of atoms of substruc- mentally measured reflections of (BO)2.413. (Section at y = 0.0; 
ture 1 only (as in Fig. 2c). contour interval 8.6 e,~-3; only positive contours are indicated.) 
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was included in the phase calculation. It is clear that 
the modulation is quite anharmonic and much more 
like a step function than was realized in the original 
analysis, which was based only on least-squares 
methods. A similar two-dimensional section of the 
three-dimensional hklO projection of (BO)2.413, based 
on experimental data, is shown in Fig. 5. As the I~- 
ion is aligned along the c axis, the three I atoms 
superimpose in this c-axis projection. 

Series-termination effects 

In the ideal case of a pure displacive modulation with 
a nonmodulated temperature parameter, the string 
will have equal peak height and width in every three- 
dimensional section perpendicular to the t axis [Fig. 
6(a), based on all model structure factors]. However, 
the shape of the atom string is very sensitive to the 
completeness of the data set. The experimental data 

]~exp set, • hk~m is given by 

Fexp co 
hklra I J  hklra.t hklm , 

where Fh~ktm is the complete set of structure factors 
and Ghklm is the reciprocal-space shape function 
describing the truncation of the data set (Hoseman 
& Bagchi, 1962). The shape function for a set of data 
with only first-order satellites is truncated along the 
direction of the satellite index. When the Hg modula- 
tion is considered, this is the l index, 

Ghk~m={lo for 111--< 1' 
for Ill> 1. 

From the Fourier-convolution theorem, the experi- 
mental electron density of a crystal is a convolution 
of the Fourier transform of G h k l m  and the ideal elec- 
tron density given by the Fourier transform of a 
complete set of Fh°°klm. The effect of incompleteness 
of a data set may be illustrated by a plot of the 
function F(Ghklm), where F is the Fourier-transform 
operator. Fig. 6(b) shows F(Ghkz,,) for an extensive 
data set, sufficient to produce a close-to-ideal modula- 
tion string (Fig. 6a). Maps of  f(ahklm) and zi~/l~exp~,, hklm/~ 

for the frequently encountered case of data with only 
first-order satellites are shown in Figs. 7(a) and (b). 
The modulation string follows the modulation curve 
of the model but its height and width vary along the 
t coordinate. The size of the deformation depends on 
the relative directions of the anisotropy of F(Ghklm) 
and the modulation string. Fig. 7 represents the worst 
case of the deformation since the large smearing of 
F(Ghki,,) is parallel to the t axis. 

Unlike in the difference Patterson function (DPF) 
defined by Steurer (1987), the main reflections were 
included in the syntheses shown here to make the 

comparison with the ideal electron density maps more 
straightforward. As an experimental data set 
sufficiently complete to eliminate series-termination 
effects is often not available, the difference Fourier 
synthesis may be preferable for the study of details 
such as the temperature-factor modulation or the 

-0.2 0.2 
0.0 

0.5 

1.0 

Hg a,O 
0.0 

, ' iq/ 

(a) 

-0.2 0.0 a~ 0.2 
I I I 

0.0 

0.5 

1.0 

(b) 

Fig. 6. (a) The four-dimensional Fourier synthesis from 
58929 hklm reflections (section at y4d =0.0, Z 4d =0.0) of 
Hgo776ET(SCN) 2. The modulation string of the Hg atom in 
substructure 2 is indicated by the broken line. In this and the 
following figures, the primary cell is taken as the Hg cell, the 
a 4d axis is the four-dimensional axis corresponding to a(Hg) 
(the a 4a and t directions are almost but not exactly perpendicular 
to each other). (b) The four-dimensional Fourier synthesis of  
the shape function for a sphere with radius (sin0)/A = 
0.7035/~-t containing 58 929 main and satellite reflections of 
Hgo776ET(SCN)2 (satellite i ndex<  15) (section at y4d =0.0, 
z 4~ = 0.0). 
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0.2 
I 

I k., I 
I J 

(b) 

Fig. 7. (a) Section ( y 4 d =  0.0, Z 4 d =  0.0) of the four-dimensional 
Fourier synthesis of Hgo.776ET(SCN)2. Contours as in Fig. 6. 
Experimental data containing first-order satellites only. Maxima 
occurring in the string are due to series-termination effects. 
(b) The four-dimensional Fourier synthesis of the shape func- 
tion for a sphere with radius (sin 0)/A = 0.7035 A, -l containing 
only 10880 main and satellite reflections with Ill-<l of 
Hgo.776ET(SCN) 2 (y4d = 0.0, Z 4d = 0.0). Contours as in Fig. 6. 

c o m b i n a t i o n  o f  d i sp lac ive  a n d  o c c u p a t i o n a l  m o d u l a -  
t ions .  

Concluding remarks 

T h e  hklO a n d  hkOm t h r e e - d i m e n s i o n a l - p r o j e c t i o n  
syntheses  are u n u s u a l  in tha t  they  give di rect  i n fo rma-  
t ion  on  the  m o d u l a t i o n  f rom a k n o w l e d g e  o f  the  
average  s t ruc tures  or  even  one  o f  the average  struc- 
tures  only.  I n f o r m a t i o n  f rom these  main-sa te l l i t e  
s u m m a t i o n s  can  be used  in an  i terat ive p r o c e d u r e  to 
reca lcu la te  the  phases  for  the  next  Four i e r  s u m m a -  
t ion.  The  example  o f  the  Hg m o d u l a t i o n  in 
Hgo.776ET(SCN)2 shows tha t  n o n h a r m o n i c  m o d u l a -  
t ion  func t ions ,  which  m a y  be o v e r l o o k e d  in an  ana ly-  
sis based  exclus ive ly  on  leas t -squares  m e t h o d s ,  can  
be recogn ized  by  use o f  such  a s u m m a t i o n .  

Suppo r t  o f  this  work  by  the  N a t i o n a l  Science 
F o u n d a t i o n  (CHE9021069)  and  the Pe t ro l eum 
Resea rch  F u n d  a d m i n i s t e r e d  by  the A m e r i c a n  
C h e m i c a l  Socie ty  (PRF21392-AC6-C)  is g ra te fu l ly  
a c k n o w l e d g e d .  
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